Abstract. A ring R is called an I 0 -ring if each left ideal not contained in the Jacobson radical J(R) contains a non-zero idempotent. If, in addition, idempotents can be lifted modulo J(R), R is called an I-ring or a potent ring. We study whether these properties are inherited by some related rings. Also, we investigate the structure of potent rings.
Introduction
Let R be an associative ring possibly without an identity. Following Nicholson [7] , R is said to be an I 0 -ring if each left ideal L of R not contained in the Jacobson radical J(R) contains a nonzero idempotent. It was proved that this definition is left-right symmetric [7, Lemma 1] . If, in addition, idempotents can be lifted modulo J(R), R is called an I-ring or a potent ring.
Warfield [10] introduced the class of exchange rings. He called a ring R an exchange ring if R R has the exchange property introduced by Crawley and Jonsson [3] , and Nicholson proved that every exchange ring is potent [8, Proposition 1.9] . So the class of potent rings is quite large. Call a ring R semi-regular (semi-π-regular, semi-strongly π-regular) if R/J(R) is regular (π-regular, strongly π-regular) and idempotents can be lifted modulo J(R). It is known in the literature that local rings, semiperfect rings, semi-regular rings, semi-strongly π-regular rings and semi-π-regular rings (in the order of containment) are all potent rings, while there still exist potent rings which belong to none of the above classes [8, Example 1.7] .
Nicholson [7, Proposition 1.6] proved that if R is potent so is each one-sided ideal of R. He [7, Proposition 1.8] proved that if R is an I 0 -ring so is the ring M n (R) of all n × n matrix over R. Also he proved that primitive idempotents in an I 0 -ring can always be lifted modulo J(R) [7, Lemma 2.5] .
In section 2, we study whether the properties of potent rings are inherited by some related rings. We prove that R/ √ 0 is an I 0 -ring if and only if R is an I 0 -ring (where √ 0 is nil radical of R); R is potent if and only if formal power series ring R [[x] ] is potent. However, we show that the polynomial ring R[x] is never potent for any ring R with J(R) = 0. The general structure of potent rings is still undetermined. A problem one might have in such an attempt is that the usual chain conditions on rings (e.g. Artinian, Noetherian) are too strong for potent rings. In fact, by a theorem of Nicholson [7, Theorem 4.3] , potent rings containing no infinite set of orthogonal idempotents are just semiperfect rings. In section 3, we investigate the structure of potent rings, and prove that a potent ring which has only trivial idempotents is precisely a local ring.
Throughout this paper all rings are assumed to be associative with identity and modules are unitary. J(R), U (R) always stand for, respectively, the Jacobson radical, the group of units of a ring R.
√ 0 denotes the nil radical of R, M n (R) denotes the n × n matrix ring over the ring R. For a left ideal I of R, π : R → R/I will denote the natural quotient ring homomorphism, and we will write π(r) = r for any r ∈ R.
Some properties of potent rings
It turns out that many of the basic properties of exchange rings hold for potent rings. We first list here in Proposition 2.1 several properties of potent rings. All of them can be found in [7] , so the proofs are omitted here.
Proposition 2.1. (1) R is a potent ring if and only if R/J(R) is a potent ring and idempotents can be lifted modulo J(R).
( Proof.
(1) Let a = b = e = e 2 , the result follows from Proposition 2.1(3). (2) Assume M n (R) is an I 0 -ring. Let E ij (1≤ i, j ≤ n) be the matrix units. Obviously, E 11 is an idempotent in M n (R). Now the result follows from (1) since
Proposition 2.4. R is an I 0 -ring if and only if so is
.
such that e − x ∈ √ 0 by Lemma 2.3. If e = 0, then x ∈ √ 0, hence t = 0, a contradiction. We conclude that L contains a nonzero idempotent.
We now explore more properties of potent rings. If R and S are potent rings, it is natural to expect that the formal triangular matrix ring and the n × n upper triangular matrix ring over R and also polynomial ring are potent rings. (1) R is a potent ring.
It is well known that the polynomial rings over nonzero exchange rings are never exchange rings. 
Proposition 2.8. Let R be a potent ring, then R[x]/ x n+1 is potent for any n ≥ 1. The converse holds if idempotents in R/J(R) can be lifted to R.
Proof. Assume that R is potent, and write u =x = x + x n+1 , then
. It is not difficult to prove that J(R[u]) = J(R) + u , where u denotes the ideal of R[u] generated by u. Hence R[u]/J(R[u]) R/J(R)
is potent by Proposition 2.1.
Now we claim that idempotents can be lifted modulo J(R[u]). Let f + J(R[u]) be an idempotent in
R[u], then f = a 0 + a 1 u + · · · + a n u n for some a 0 , a 1 , . . . , a n ∈ R. Note that J(R[u]) = J(R)+ u , therefore, (a 0 +J(R[u])) 2 = a 2 0 + J(R[u]) = a 0 + J(R[u]). Hence a 2 0 − a 0 ∈ J
(R). Since idempotents can be lifted modulo J(R), we get e − a 0 ∈ J(R) ⊆ J(R[u])
for some e 2 = e ∈ R, as desired.
Conversely, suppose that R[x]/ x n+1 is a potent ring, then R/J(R) is also potent since R[u]/J(R[u]) R/J(R)
. Now the result follows from Proposition 2.1.
Recall that for a ring R with a ring endomorphism α : R → R, the skew power series ring R [[x; α] ] of R is the ring obtained by giving the formal power series ring over R with the new multiplication xr = α(r)x for all r ∈ R. We are going to investigate when is R [[x; α] ] potent? The following lemma will be needed. Proof. Assume on the contrary a 0 = 0 and let k = min{n|a n = 0} ≥ 1. Then
Therefore, e can not be equal to e 2 , a contradiction.
In particular, when α = 
(R[[x]]) = J(R) + R[[x]]x. Hence R[[x]]/J(R[[x]]) R/J(R) is potent by Proposition 2.1. We claim that idempotents can be lifted modulo J(R[[x]]). Let h + J(R[[x]]) be an idempotent in R[[x]], say h
. The result follows from proposition 2.1.
(
x by assumption, and we have r = 0 by a special case in Lemma 2.9. Then we get
(R), then it is easy to see that a + J(R[[x]]) is an idempotent in R[[x]]/J(R[[x]]). There exists an idempotent
} without any assumption on the endomorphism α. Hence the equivalence follows since
However, the class of potent rings is not closed under homomorphic image [7, Example 1.9].
The structure of potent rings
Recall that a ring R is called to be abelian if every idempotent in R is central. A ring R is called to be reduced if R has no nonzero nilpotent, or equivalently, if a 2 = 0 ⇒ a = 0 in R. 2 for all r ∈ R. Hence er = ere = re since R is reduced.
(2) ⇒ (1): If 0 = x ∈ R, then Rx is not contained in J(R). By definition, there exists a nonzero idempotent e = e 2 = rx for some r ∈ R. We have e = erx = rex = r 2 x 2 since e is central, hence x 2 = 0.
A ring R is called to be strongly π-regular if for any a ∈ R, there exists a positive integer n, depending on a, such that a n = a n+1 x. A ring R is called to be strongly regular if for any a ∈ R, there exists some x ∈ R, such that a 2 x = a. (1) ⇒ (2): Assume thatR is strongly π-regular, then x n = x n+1 r for any x ∈ R and some n ≥ 1 and some element r ∈R commuting with x (see Azumaya [1] ). Therefore, 
)ē is right irreducible inR = R/J(R).
Proof.
(1) ⇒ (2): If a ∈ eRe and a∈J(eRe) = eRe J(R), then a∈J(R). Therefore, there exists a nonzero idempotent f = f 2 ∈ Ra ⊆ Re. Then Rf = Re = Ra since e is primitive. Hence we can write e = erea for some r ∈ R since ea = e. Therefore, a has a left inverse in eRe, so e is local.
(2) ⇒ (1): Trivial. (3) ⇔ (2):ē is right irreducible if and only ifēRē is a division ring. Note thatēRē eRe/J(eRe), thenēRē is a division ring if and only if eRe is a local ring. This gives the equivalence of (2) and (3). At the end of this paper, we will investigate potent rings which have only trivial idempotents.
Theorem 3.5. Let R be a potent ring whose idempotents are trivial, then R is precisely a local ring.
Proof. It is well known that local ring has only trivial idempotents and R = U (R)∪J(R). Idempotents 0, 1 in division ring R/J(R) can be lifted to 0, 1 ∈ R, respectively. For any left ideal L J(R), then L contains a unit of R. Hence 0 = 1 = 1 2 ∈ L, as desired. Conversely, for any a∈J(R), there exists a nonzero idempotent e ∈ Ra, hence a is left invertible since e = 1. If M = N are maximal left ideals of R, then M + N = R. We have m + n = 1 for some m ∈ M, n ∈ N . Obviously, m and n can not be contained in J(R) at the same time since 1∈J(R). We may assume m∈J(R), then m is left invertible, hence M = R, a contradiction. We conclude that R has only one maximal left ideal, so R is a local ring.
